A horizontal ferrofluid layer is submitted to a lateral heating and to a strong oblique magnetic field. For a thin enough layer, the steady state solution is the product of the classical solution corresponding to the usual Newtonian fluid submitted to a lateral gradient of temperature, times a modulating factor. This last accounts for the inclination and for the ratio Ra m /Ra, where Ra is the Rayleigh number due to buoyancy and Ra m the magnetic Rayleigh number due to the Kelvin magnetic forces. Physically, fundamental modifications of the temperature and velocity profile intervene when Ra m /Ra 1, since, as function of the inclination of the magnetic field, the direction of motion in the infinitely elongated cells can become inverted.
Introduction
Huang et al. [1] considered an oblique magnetic field and became interested in the stability problem of a vertical temperature gradient, to explain an experiment [2] , extending thus the Rayleigh-Bénard study started by Finlayson [3] . In all cases, on earth and also in microgravity [4] , the reference state was heat conductive and motionless. Birikh and others [5] [6] [7] initiated the thermo-convective problem, induced by a lateral gradient of temperature heating a Newtonian liquid layer so that a profile of velocity and of tempera- ture exists in the reference case. A stability study should start from that steady motion.
Here, now, a ferrofluid of width d, bounded by two rigid plates, is submitted to an inclined strong magnetic field and to a lateral gradient of temperature. We limit ourselves to a 2D description, and consider the central region of a very elongated and thin layer, ignoring the lateral walls influence, to describe the reference steady state [8] , as this leads to surprising results in microgravity.
Formulation of the problem
This layer of ferrofluid is submitted to a time independent exterior constant magnetic field, given by H e 0 = H e 0 (cos φ1 x + sin φ1 z ) = H e 0 1 H where 1 z is the upward unit normal, 1 x is the horizontal unit taken along the lower border and 1 H = H/ √ H · H (see Fig. 1 ). We describe the ferrofluid, as a super paramagnetic gas [9] , where the magnetization M is collinear with the magnetic field. We will consider here very strong magnetic fields, so that the magnetization does not more depend on the magnetic field and the magnetization state equation M = M(T ) will be [3, 9, 10] :
near to the reference state M(T 0 , H 0 ). The pyromagnetic coefficient K = αM(T 0 ) is assumed constant, with α being the thermal expansion coefficient [9, 10] and we apply the inductive assumption to the Maxwell equations [3, 9, 10] which become:
The reference steady motion is a consequence of our basic assumption: there exists a basic horizontal flow depending on height. From this and from the ferrofluid incompressibility, follows that there is no net mass flux across a vertical section
Both the lower and upper borders are rigid non-magnetic plates and the ferrofluid is a viscous liquid, adhering to a solid boundary, so that u(z) = 0 at
The Boussinesq approximation of the momentum balance equation is then [3, 9, 10] :
where ρ 0 is the density at the reference temperature T 0 of the liquid layer and η the kinematic viscosity. We neglect thermomagnetophoresis [11] . From Eq. (4), we obtain:
where G = G(z) to satisfy the basic assumption (3). An important consequence is then that H = H(z) [8] .
The energy balance equation for the ferrofluid, derived by Finlayson [3] , is
where c p is the heat capacity of the ferrofluid and λ is the thermal conductivity. To complete the problem, we need the following boundary conditions: from the Maxwell equations (2), the normal component of H + M and the tangential component of the magnetic field H have to be continuous across the top and the bottom boundaries [1, 3, 9, 12] . This means we have 
The dimensionless steady problem
We will discuss only the steady solution of the problem rewritten in a dimensionless form. We use d to scale both spatial coordinates so that 0 ≤ z ≤ 1.
Thus, βd scales the temperature and κ/d, the velocity. The problem will be to find t(
One has t(0) = 0 as well as t(1) = 0. We obtain from the energy balance equation:
and from the dimensionless equivalent of the momentum balance (5):
The adimensionalisation process introduces two positive dimensionless numbers, Ra and Ra m , where Ra = (ρ 0 αgβd 4 )/(ηκ) is the classical Rayleigh number [1] , and where Ra m is the usual magnetic Rayleigh number [9, 10] 
In last equation, the dimensionless magnetic field is [8] 
The quantity H = Kβd/H e 0 is small, reflecting the strong magnetic field assumption, Kβd scaling the total variation of the magnetization M(T ) across the layer in terms of the external field H e 0 . Ra m /Ra is independent both on the depth d of the layer and on the value of the applied magnetic field H e 0 . Eqs. (7) and (8) have to be completed by the dimensionless expressions of the boundary conditions along the rigid plates t = u = 0 at z = 0, 1.
The solution as a power series in H
Due to the non-linearity of Eq. (8), one cannot obtain the analytical profiles of u(z), t(z), h(z), for any given oblique inclination. Still, some general conclusions can be obtained from a carefull study of the dimensionless parameters. We consider the well known physical data of EMG 901 [12] (see Table 1 ). The boiling point of EMG 901 is around 250
• C and we know EMG 901 to be a liquid, at normal temperature. The layer total length L must be large enough d L, to neglect the influence of the lateral walls, in the middle region [6, 7] . Then, assuming L = 15 cm and d < 10 mm, β ≤ 1 K/mm, so that the total drop of temperature (T hot − T cold )/L ≈ β, from one vertical end wall to the other, should be less than 150
• C. For EMG 901, the magnetization at saturation is M sat = 4.8 × 10 4 A/m [12] , which should be smaller than the exterior magnetic field H e 0 to obey the strong field assumption. Then, H is less than 0.001 1. We will thus expand u(z), h(z) and t(z) in a power series of H . 
The zero order term
This leads to several conclusions on the zero order solution
First, the magnetic field leading order term is h 0 (z) = 1 and secondly, the leading order term of dt/ dz appearing in the RHS of Eq. (8) , is the one obtained in the absence of a magnetic field. This means that appears in Eq. (8), dt BKD / dz, where t BKD (z) is the temperature profile obtained by Birikh [5] [6] [7] (for a mathematical demonstration, see [8] ). Thus, the energy equation is still given by (7), and the momentum equation (8) becomes when using Eq. (9)
Due to the linearity of the ODE system (7) and (10), the velocity u 0 (z) and the
, the sum of the solution u BDK , t BKD obtained at Ra m = 0, already derived for a lateral temperature gradient [5] [6] [7] , plus another term u 1 (z), t 1 (z) solution of
When Ra m = 0, Eqs. (7) and (10) lead to
The velocity profile u BKD has two extrema given by ±Ra/72 √ 3, at z = (1/2)(1 ± √ 1/3). Now, we solve the system obtained from Eqs. (7) and (11) when Ra m = 0. The zero order velocity profile u 0 (z) is proportional to u BDK (z) since
The polynom (3z 4 − 6z 3 + 3z + 1)/2520 is a positive function whose maximum value is 1.9375/2520 ≈ 8 × 10 −4 at z = 0.5, the layer middle. We can thus safely use a simplified version of the velocity profile,
provided that |1 + (Ra m /Ra) sin φ cos φ| 8 × 10 −4 Ra m sin 2 φ. The velocity u 0 (z) is the solution (12) multiplied by the quantity = 1 + (Ra m /Ra) × sin φ cos φ. The maxima of u 0 (z), given by Eq. (14) is
But Max(u 0 (z)) is still a function of the inclination and varies between, a maxima maximorum given by (2Ra + Ra m )/144 √ 3 at φ = π/4, and a minima at (2Ra − Ra m )/144 √ 3 at φ = 3π/4 (see Fig. 2a ). From Eqs. (7), (10) and (12) one obtains finally t(z) ≈ t 0 (z) where
which is the solution of the energy balance (7) using the approximation u 0 (z) given by Eq. (14) . The temperature profile is again the product of t BKD by the factor , like Eq. (14) . We can satisfy ourselves with u 0 (z), t 0 (z), given by Eqs. (14) and (16) to describe the reference motion, since we obtained an excellent agreement between those solutions and exact numerical solutions using the continuation software AUTO97 [14] computed in the space of parameters defined by Table 1 (for an extensive discussion, see [8] 
Microgravity level and the factor
Let us study the multiplying factor that combines the gravity level, the saturation magnetization, the temperature gradient and the obliticity of the external field. If Ra > Ra m , whatever the value of sin(φ) cos(φ), then 0 < ≤ 1 + Ra m /Ra < 2. The inclination can compress or dilate slightly the Birikh profile. But when Ra ≤ Ra m , and when φ belongs to the second or the fourth quadrant, can become negative. This can lead to a significative difference from the solutions (12) , since even the case = 0 becomes a possibility. Calling y the square of either sin φ or cos φ, one has sin(φ) cos(φ) = ± √ y(1 − y), so that = 0 becomes equivalent to y 2 − y + [Ra/Ra m ] 2 = 0, whose roots are given by:
The roots y ± are physically meaningful only when they are real positive quantities, less than 1. The following condition must be satisfied: Ra m ≥ 2Ra. For y > y + or y < y − , is always positive. But, < 0 for y − < y < y + and = 0 for a certain value of y given by y + or y − . This is a specific consequence of having an inclined external field. When is negative, we have again a convective solution. However, the convective motion is in the opposite direction of the original classical Birikh one. The lateral temperature gradient induces a pressure push through mean of gravity, opposed to the one due to the Kelvin force that becomes sufficiently strong to overcome the gravitational force and change the direction of the return flow.
The physically admissible value of y + defines a certain angle φ cr = π/2 + θ cr in the second quadrant. Since 1 = y + + y − , exists another motionless heat conductive solution of Eq. (17) at π − θ cr . The same will apply in the fourth quadrant. For those two specific inclinations, u 0 (z) = t 0 (z) = 0 for all z, and the solution is a motionless conductive one as the temperature reduces to T = T ref − β dx across the whole layer. Physically, both lateral pressure gradient compensate each other.
To illustrate this, let us consider EMG901 (see Table 1 ). The ratio of Ra m /Ra ≥ 10 n /8.59 must be larger than two. Any microgravity level 9.81 × 10 −n with n such that n ≥ log 10 (8.59 × 2) ≈ 1.29, will be sufficient. In Fig. 2a , we follow the maximum velocity (15) of (14) as a function of φ for various microgravity levels starting from n = 2, which corresponds to the gravity level in a parabolic flight, n = 4 the one in a drop tower or in sounding rockets, down to n = 6 the one obtained in a Foton satellite. As n increases, microgravity decreases so that buyoancy becomes negligibly small. Thus ≈ sin(2φ)Ra m /2Ra, y + = 1, y − = 0 and Max(u 0 (z)) ≈ Ra m sin(2φ)/144 √ 3 becoming practically independant upon n as Fig. 2a records when n ≥ 4. For n ≥ 4, the maximum of the velocity Max(u 0 (z)) is strictly proportional to sin(2φ). Let us increase the angle φ, then Max(u 0 (z)) increases many times more than the initial value at φ = 0 until it reaches a maximum maximorum at φ = π/4 where it decreases towards zero at φ = π/2, where we do not observe any motion. Increasing the obliquity still, the absolute value of the maxima starts to increase again, but in the opposite direction and the profile of velocity reaches a negative extrema at φ = 3π/4 and then decreases again towards its original value at φ = π. For n < 4, we observe exactly the same trend, with very slight differences. We can observe that also in Fig. 2b . The pro-files of u 0 (z) and t 0 (z) are depicted for n = 4, which is equivalent to reducing gravity by a factor of ten thousand, so that Ra vary now like 0.0011d 4 while Ra m = 1.28d 4 and the ratio Ra m /Ra ≈ 1,164 whatever the depth d. The factor is positive for 0 ≤ φ < π/2, equal to zero at φ = π/2 and negative for 0 ≤ φ < π/2. Curves 1, 2, 3 represent the profiles of temperature and velocity at φ = 15
• , φ = 30
• and φ = 45
• respectively. They are symetrical to Curves 5, 6, 7 which correspond to φ = 165
• , φ = 150
• and φ = 135
• . Curve 4 at φ = π/2 shows a heat conductive rest state.
Conclusion
We have considered here a thin layer of a ferrofluid EMG 901, heated laterally and submitted to an inclined magnetic strong field. The profiles of velocity or of temperature are the product of two quantities (see Eqs. (14) and (16)). The first one is the laminar profiles of velocity and heat, for a Newtonian fluid submitted to a lateral gradient [5] . The second one is = 1 + (Ra m /Ra) sin φ cos φ, which is independent upon the depth d of the layer and the applied magnetic field amplitude H e 0 . When Ra m /Ra is large enough, the role of buoyancy and magnetic field are reversed. Buoyancy is a small term, with respect to the magnetic field which is largely dominant. The inclination of the magnetic field can give rise to a pure conductive solution at two critical angles φ = π/2 + θ cr and φ = π − θ cr for which = 0. As Figs. 2a and b show, θ cr = 0, for large n, thus as buyoancy due to microgravity is decreased. Then, for any inclination belonging to the second quadrant, the direction of the motion and the temperature profile are symmetric with respect to the one in the first quadrant. In a microgravity environment, an inclined magnetic field has therefore drastically modified the reference steady state of a liquid layer heated laterally. The very simple expression derived in this work for the velocity and the temperature profiles should induce future work on the stability of that base state.
